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Institute of Crystallography, Academy of Sciences, U.S.S.R. 
Pierre Curie is well known to the wide scientific community as an author of outstanding works 
on radioactivity but almost unknown as an author of deep investigations on symmetry and its 
applications in physics. Meanwhile these investigations, had they been continued by Pierre Curie, 
could turn out to have no less importance to the development of natural sciences as his works on 
radioactivity for the development of physics and chemistry. Marie Curie testifies that Pierre Curie 
repeatedly expressed regret at not being able to continue his work on symmetry since he was 
preoccupied with the studies of radioactivity. 
The works of Pierre Curie on symmetry, as all his works, are characterized byextreme brevity. 
The complete works by Pierre Curie--61 papers and quite a large introductory paper by 
Marie Curie--includes only 610 pages. This means that, on average, each paper is as short as ten 
pages. However, it should be emphasized that the brevity brings no diffculties in the understanding 
of the majority of the papers. Not so with his works on symmetry. Possibly that it is just this fact 
that resulted in insufficient understanding and underestimation f these works. 
Pierre Cuire writes in one of his works on symmetry: "I believe that it would be of interest to 
study physical phenomena with allowance for symmetry considerations so common for crys- 
tallographers." "Physicists often use conditions following from symmetry but, as a rule, neglect 
the rigorous definition of the symmetry of the phenomenon under consideration since such 
conditions are often simple and a priori almost obvious." 
This remark made by Pierre Curie 62 years ago has not lost its validity. This is confirmed by 
the fact that almost all the modern textbooks of physics use the term "axial symmetry" with no 
explanations despite the fact that there are five and not one different axial symmetries, i.e. five 
groups of symmetry with the only axis of an infinite order. Consider this problem in more detail. 
Pierre Curie was the first to single out the symmetry groups nowadays called the limiting point 
groups especially important in physics. Altogether, there are seven such groups. They can readily 
be remembered if one wishes to consider the simplest figures possessing such symmetry (Fig. 1). 
The first group (oo) has no other symmetry elements but an axis of an infinite order, it is a group 
of a rotating cone. It admits the existence of enantiomorphous (right- and left-handed) forms--a 
cone rotating to the right or a cone rotating to the left. The second group (oo .m) possesses in 
addition to an axis of an infinite order also an infinite number of longitudinal symmetry planes. 
It is a group of a cone at rest which does not admit enantiomorphous forms. The third group 
(oo :m) has only the following symmetry elements--an axis of an infinite order, one transverse 
symmetry plane and the center of symmetry. It is a group of a rotating cylinder. It should be 
remembered that, similar to the previous case, this symmetry group does not allow en- 
antiomorphous forms. This means that a cylinder otating to the right is undistinguishable, as to 
the right- or left-handedness, from the cylinder otating to the left. Both cylinders can be brought 
into coincidence, being turned upside down, by a simple superposition without reflection in the 
plane. The fourth group (oo:2) has only a symmetry axis of an infinite order and an infinite 
number of transverse two-fold symmetry axes. It is the group of a twisted cylinder. It admits 
enantiomorphous forms (right-and left-handed screws). The fifth group (m. oo : m) has only the axis 
of an infinite order, an infinite number of longitudinal nd transverse symmetry planes, and also 
an infinite number of transverse two-fold axes and the center of symmetry. It is the group of a 
cylinder at rest which does not admit enantiomorphous forms. 
The above groups exhaust he symmetry groups which are often called, neglecting their 
individual features, "axialsymmetry". There are two more, the sixth and seventh, limiting groups. 
?Originally appeared in Russian in Uspekhifizicheskikh nauk 59, 591-602 (1956). Translated by L. I. Man. 
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Fig. 1. Seven limiting point groups of symmetry represented by model figures. 
The sixth one (09/09 .m) is the symmetry group of a conventional sphere having an infinite number 
of axes of an infinite order, an infinite number of symmetry planes, and the center of symmetry. 
This group does not admit enantionorphous figures. The seventh group (09/09) is the symmetry 
group of a sphere having no symmetry planes and center of symmetry but possessing an infinite 
number of symmetry axes of an infinite order. This group allows the existence of enantionorphous 
left- and right-handed spheres. Formally, it can be taken that all the diameters of the right-handed 
sphere are twisted according to a right-handed screw, and those of the left-handed sphere according 
to a left-handed screw. 
Using the limiting symmetry groups, Pierre Curie has established for the first time one of the 
most important features, distinguishing an electric field from a magnetic one and thus managed 
to explain why, contrary to the case of positive and negative charges, north magnetism cannot be 
distinguished from south magnetism. The point is that a cylindrical magnet ogether with its 
magnetic field has the symmetry (09 :m) of a rotating cylinder whereas an electrical analogue of 
a magnet--the voltaic pile or a dielectric ylinder polarized along its axis--has ymmetry (09 .m) 
of a cone at rest. This means that a magnet, in accordance with the concept of Amp6re currents 
(rotating electrons) in it, has the transverse symmetry plane but no longitudinal ones whereas the 
voltaic pile has an infinite number of longitudinal symmetry planes but has no transverse ones. 
This also means that the Amp6re currents at the north and the south poles of the magnet flow in 
one direction which is called clockwise or anticlockwise direction depending on whether we look 
at the magnet from the south or north poles. The impossibility to distinguish between orth 
magnetism ("magnetic mass") and south magentism signifies the impossibility of separate existence 
of the right- and left-handed rotation, since any rotation is simultaneously right- and left-handed 
rotation. 
In the theory of symmetry equal parts of a symmetric figure are called such parts which are 
transformed one into another by certain symmetry operations. Two kinds of such equality are 
distinguished--equality of coincidence and mirror equality. Of course an equality which is 
simultaneously that of coincidence and the mirror equality is also possible. The poles of a magnet 
are equal to one another since one is transformed into another by reflection in the transverse plane. 
But it is also mirror equality since the above transformation can be performed with the aid of a 
second-order operation, i.e. an operation i cluding reflection; in our case, reflection i  the transverse 
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Fig. 2. Examples of directional quantities: (a) polar vector (strength of an electric field); (b) axial vector 
(strength of a magnetic field); (¢, d) axial tensor (the magnitude of the left and right specific rotation of 
the polarization plane); (e, f) a polar tensor (tensile and compressive stresses). 
symmetry plane or inversion (reflection at the center). It means that the north pole differs from 
the south one only with respect o its left- or right-handedness, i.e. just as the right hand differs 
from the left one. The situation is quite different if we turn to the electric poles of the voltaic pile. 
They cannot be transformed one into another by any symmetry operation inherent in this object; 
they are not equal to one another. Here lies an essential difference between magnetic and electric 
polarities. Pierre Curie was the first to fully realize this difference. 
The following digression seems to be timely. We believe that one of the basic aims of any science 
is, in short, the comparison of uncomparahle and distinction between undistinguishable or, in other 
words, discovery of essentially similar and different features there where they have not been noticed 
as yet. Physicists before Pierre Curie were interested mainly in the similarity rather than in 
differences between the magnetic and electric fields. This standpoint was supported even by 
mathematicians. It may be seen, e.g. from the fact that the strength vectors of both electric and 
magnetic fields have been depicted in a very peculiar way--as ordinary "one-way" arrows [Fig. 
2(a)]---despite the fact that an electrical vector is a polar one and therefore is depicted correctly 
whereas the magnetic vector is an axial one and therefore an ordinary "one-way" arrow cannot 
correctly reflect its symmetry since it has no transverse symmetry plane typical of any axial vector. 
An axial vector may be correctly depicted, e.g. by a segment of a straight line (whose length would 
be proportional to the vector magnitude) and a circulatory arrow indicating the sense of rotation 
ascribed to this vector [Fig. 2(b)]. Thus Pierre Curie was really ahead of his contemporaries when 
he discovered and realized such an essential difference between the symmetries of magnetic and 
electric fields overlooked by the others. 
The history of different sciences is full of examples of the backward motion to old ideas 
considered on a new basis and nucleation of new ideas on the old basis. This bears the direct 
relation to the symmetry of polar and axial vectors. The difference between the polar and axial 
vectors discovered by Pierre Curie (an axial vector has and the polar vector has not a transverse 
symmetry plane) is somewhat "relaxed" by the introduction i to the theory of symmetry of the 
notions of opposite quality and, correspondingly, of antisymmetric transformations and anti- 
symmetry elements. Using this notions, we arrive at the conclusion that a polar vector depicted 
by a unidirectional straight arrow has the transverse antisyrnmetry plane which possesses a property 
such that the straight arrow upon the reflection in this plane with the corresponding change of the 
figure sign (the positive sign of the vector end is changed to the negative one and vice versa) is 
transformed into itself (is brought into coincidence with itself). 
When a student studying physics encounters for the first time the limiting groups, he is most 
perplexed with the symmetry group of a sphere having no symmetry planes and denoted here as 
~/oo. It seems to be quite improbable that such spheres may be encountered at all. Our review 
of the works of Pierre Curie would never each its goal if we miss the opportunity to answer this 
question. We should recollect first what signifies the well known quantity--the specific rotation of 
the polarization plane. First of all, it is the directional quantity, in crystals it changes its value with 
the change of its direction. Since this quantity is associated with a certain rotation, the first thought 
is that it should be considered as an axial vector with the symmetry of a rotating cylinder (oo :m). 
It may readily be seen that it is a mistake because the specific rotation does not change its "sign" 
with the change of the forward direction to the backward one. In other words, the right-handed 
rotation remains right-handed and the left-handed one remains the left-handed rotation (not so 
for magnetic rotation of the polarization plane). This means that specific rotation is not a vector 
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but a tensor and moreover an axial tensor quantity with a symmetry of a cylinder (~ : 2) twisted 
by a right- or left-handed screw. Such a quantity may be conveniently represented by a segment 
of a straight line with two circular arrows [Figs 2(c) and (d)] directed towards one side from the 
point of observation if to look at these arrows from both ends of the segment in turn, i.e. in a 
way used in the studies of the polarization plane rotation. In an isotropic media, which rotate the 
polarization plane, e.g. in aqueous olution of sugar, the specific rotation is the same in all the 
directions, in other words, the indicatrix of rotation (gyration surface) for such media is a sphere 
which has no symmetry planes and may be both left- and right-handed depending on the character 
of rotation. 
Pierre Curie was not the only scientist who understood that symmetry is inherent not only in 
crystals and other real objects but also in physical fields and physical phenomena. What is 
important is that his understanding of the problem was much deeper than that of any of his 
contemporaries and that his reflections on crystal symmetry and the origin of phenomena occurring 
in them have brought him to important generalizations considered below. In the memoirs on Pierre 
Curie, Marie Curie writes that the discovery of piezoelectric polarization by the Curie brothers "is 
by no means accidental: it was a result of their reflections about he symmetry of crystallized matter 
which permitted the brothers to predict such polarization". 
Now let us turn to the general symmetry principles tated by Pierre Curie in his remarkable 
article entitled "On symmetry in physical phenomena". 
The work begins with the following paragraphs printed in italic. 
"A symmetry characteristic of one or another phenomenon is the highest 
symmetry of the medium compatible with the occurrence of this phenomenon." 
"A phenomenon may occur in a medium which possesses the characteristic 
symmetry or one of its subgroups." 
"In other words, some symmetry elements of the medium may coexist with the 
phenomenon but they are not obligatory. It is only the absence of some symmetry 
elements, which is obligatory. It is this property---dissymmetry--which makes 
phenomena." 
To make these statements more clear, consider some examples from crystal physics. 
As is well known a tourmaline crystal possesses the (3.m) symmetry (one three-fold axis and 
three longitudinal symmetry planes intersecting along this axis). It is also known that tourmaline 
crystals being uniformly heated acquire lectrical polarization, i.e. a uniform electric field is formed 
which is directed along the crystal axis (pyroelectric effect). We have already seen that the uniform 
electric field has symmetry (~ .m) at all its points. In our example "a medium" in which the 
pyrolectric effect arises is a tourmaline crystal. But tourmaline is not the only medium possessing 
such a property--the pyroelectric effect is also possible in other media (crystals and textures) if
their symmetry belong either to the group ~ .rn or to one of the subgroups (1, 2, 3 . . . . .  m, 2m, 
3 m . . . .  ) of this group of the "highest symmetry". The common property of all these groups is the 
absence of certain symmetry elements--the c nter of inversion, the transverse symmetry plane and 
an infinite number of symmetry axes (rotational and mirror-reflection) ormal or inclined to this 
axis. The set of such absent symmetry elements constitute what Pierre Curie called "dissymmetry". 
Summing up, we may therefore state that the pyroelectric effect may occur in all the media 
possessing dissymmetry. It is this dissymetry which "creates the phenomenon". 
The term "dissymmetry" is widely used in the crystallographic, chemical and physical literature. 
It was first introduced into science by L. Pasteur who understood issymetry as a property of 
certain figures not to come into coincidence with their mirror-reflected images as a result of a simple 
superposition. The said is exemplified by man's hands: it is well known that the figure of the fight 
hand cannot be brought into coincidence by the superposition onto its mirror-reflected image, i.e. 
onto the figure of the left hand. At present, Pasteur's "dissymmetry" may be defined as the absence 
in the figure of second-order symmetry elements; such symmetry elements correspond to the 
symmetry operations equivalent to an odd number of reflections in the planes (a simple reflection 
in one plane, inversion, mirror rotation, glide reflection). The notion of Curie's dissymmetry is 
somewhat broader. He understood dissymmetry asa simple set of all the symmetry elements absent 
in the figure. It is very important to emphasize an essential difference between symmetry (the set 
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of present symmetry elements) and dissymmetry (the set of absent symmetry elements). It is well 
known that the total set of symmetry operations corresponding to all the symmetry elements 
inherent in the figure forms a group in the mathematical sense. This means that the product of any 
two operations of the group is equivalent (as to the result produced upon action) to any one 
operation of the same group. On the contrary, the total set of all the symmetry operations 
corresponding to all the absent symmetry elements of the figure does not form any group in the 
mathematical sense. According to Pierre Curie, dissymmetry is more important for the prediction 
of new phenomena than symmetry. But since the number of the absent symmetry elements in all 
the cases is infinitely large, it is more convenient to ennumerate he symmetry elements which are 
present han the dissymmetry elements (i.e. the absent symmetry elements). 
In broad scientific ircles, dissymmetry both in the Curie and Pasteur sense, is often mistaken 
for asymmetry, i.e. the complete absence of any symmetry. Asymmetry is obviously only a 
particular case of dissymmetry. Also, dissymmetry is often mistaken for antisymmetry--the 
symmetry of the opposite sign described by special groups of four-dimensional symmetry. 
Developing further his principal statements, Pierre Curie arrives at the following most important 
conclusion. 
"If several different natural phenomena re superposed one onto another, thus 
forming a unified system, their dissymmetries are added up. As a result only those 
symmetry elements are retained by the system which are common for each 
phenomenon considered separately." 
The above Curie statement is the extension (far from trivial one) to physical phenomena of the 
statement (which is trivial for geometric figures) that if two (or many) unequal constituent 
symmetric figures build up the compound figure, the latter retains only those symmetry elements 
which are common to all the constituent figures, their arrangement in the space being given. For 
example, assume a cube and a cone arranged in the space in such a way that the cone axis coincides 
with the cube diagonal (Fig. 3). It is seen that the compound figure possesses the symmetry (3.m) 
(one three-fold axis and three longitudinal symmetry planes). One can readily see that these 
symmetry elements are also possessed by both cube and cone. One can also see that the symmetry 
elements absent in the cube and the cone are absent in the compound figure as well: the 
dissymmetry of the compound figure is higher, it is built up by the dissymmetries of the constituent 
figures. 
The extension of this geometric principle to physical phenomena means, in fact, that physical 
phenomena may be represented by figures, and, in particular, by such material figures which are 
ascribed not only pure geometric properties but also some physical properties as well. We have 
already discussed some of such figures; these are a rotating cylinder which depicts a magnetic field 
or magnetic polarization of a substance, a screwed cylinder which depicts a rotation of the 
polarization plane in crystals, etc. 
Consider several simple applications of the above Curie statement. 
Let us imagine water flowing in a channel in the direction indicated by the straight arrow (Fig. 
4). A cylinder plunged into water rotates to the right (clockwise) around an immobile axis normal 
Fig. 3. A compound figure built by a cube and a 
cone. 
+ d- + + 4" 
Fig. 4. To the explanation of the Hall effect. 
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to the water surface. It can easily be seen that under such conditions one half of the side surface 
of the cylinder moves in the direction of the water flow accelerating it, whereas the other half of 
the cylinder surfaces moves against he flow decelerating it. As a result, the water level increases 
(+) at one shore and decreases ( - )  at the other. This dissymmetry esults from the addition 
of dissymmetries of the straight and circular arrows. As a result, only one symmetry element is 
retained which is common to both dissymmetries--a symmetry plane parallel to the water surface. 
In figures possessing only one symmetry plane (e.g. in a figure of a man) all the directions parallel 
to the symmetry plane (upward and downward, forward and backward, but not to the right and 
to the left relative to man's figure) are polar, i.e. their ends are not equivalent to one another. The 
described mechanical phenomenon exactly corresponds to the Hall effect in electrodynamics. If a 
direct current is applied to a thin metal plate placed between the magnet poles, the potential 
difference arises between the plate ends. A magnetic field has the symmetry of a rotating cylinder, 
an electric field has the symmetry of a straight arrow (a cone). The combination of both figures 
yields only one symmetry plane common for both circular and straight arrows. 
In scientific circles, three other symmetry principles put forward by Pierre Curie are more 
familiar (but with no due understanding) than the principle of symmetry superposition. These 
principles establish the relation between the symmetry of the cause and the effect. They are 
probably better known because in the memoirs written by Marie Curie about her husband they 
are printed in italic and numbered as most important ones. As has already been mentioned, Pierre 
Curie himself neither emphasized nor numbered them. 
These principles read. 
1. "If certain causes yield the known effects, the symmetry elements of the causes 
should be contained in the generated effects." 
2. "If the known effects manifest certain dissymmetry, this latter should be contained 
in the causes which have generated these effects." 
3. "The statements converse to the two previous ones are invalid, at least in practice, 
i.e. that the effects may have higher symmetry than the causes which generate these 
effects". 
Understanding of the above principles is hindered by the fact that it is not quite clear what is 
the "cause" and what is "the effect" and what should be understood as their "symmetry" and 
"dissymmetry". 
We suggest here the following interpretation reducing these principles to the principle of 
symmetry superposition. 
Assume that a Rochelle salt cube is subjected to compressive stress t33 along one of the four-fold 
axes of the crystal (Fig. 5). The question is which symmetry would be acquired by the crystal under 
such conditions? 
We agree that the cause is all the initial data, i.e. the given (but not applied as yet) stress t33 and 
the given (but not stressed and strained as yet) crystal and the effect is the answer to the above 
question, in other words, the stressed and strained crystal. The tensor of the compressive stress is 
conventionally depicted by straight arrows directed in opposite directions [Fig. 2(f)]. Such a pair 
of arrows has the symmetry of a cylinder at rest (m.~ :m) (one axis of an infinite order, one 
Fig. 5. Compression of a Rochelle salt cube. 
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transverse symmetry plane, and an infinite number of longitudinal symmetry planes, an infinite 
number of two-fold axes, and the center of inversion). It is possible to prove that the same symmetry 
is also possessed by the tensor quantity which describes the indicated stress 
(i ° °0) 0 
0 t33 
This follows from the fact that all nine components of the above tensor are transformed into 
themselves by all the symmetry operations of the indicated group and by no other operations. 
Whence a conclusion that the symmetry of stress and the symmetry of the stress tensor are the 
same. Thus, using the Curie principles one may and must take that the symmetry of properties 
and phenomena is the symmetry of those quantities (different-rank tensors) or those figures which 
describe these properties and phenomena. 
In our case, the symmetry of the cause is the sum of the stress symmetry (m.oo :m) and the 
symmetry of the Rochelle salt crystal (~/4) (symmetry of a simple cube). The highest subgroup of 
both groups (under the assumption that all their symmetry elements intersect at one point) is the 
group m.4:m (one four-fold axis, four transverse and four longitudinal symmetry planes, four 
two-fold axes, and the center of inversion) typical of tetragonal crystals. The same symmetry should 
obviously be acquired by the crystal, which was in fact observed in experiments. All the above 
stated may be pictorially interpreted as follows (Fig. 6). Denote one of the symmetry groups of 
the cause, or, more exactly, the set of all its symmetry operations, by figure HI = pqrsp, and the 
other symmetry group of the cause by figure H 2 = tsuqt (Fig. 6). Then the symmetry of the effect 
is uniquely represented by the hatched figure C which may be considered as a specific "product" 
HI 1-/2 = C of groups HI and/-/2 for the given arrangement of their symmetry elements. It is clear 
that this also uniquely determines the dissymmetry C of the effect with respect o HI (in other words, 
whose symmetry elements of /7~ which are absent in C), i.e. D1 =/7~-  C = suqrs and also 
dissymmetry of C with respect to/72,  i.e. D2 =/72 - C = tspqt. 
If to assume that the given groups (the cause) are two groups,/-/m and C (Fig. 7), then, as is seen 
from Fig. 7, the third group, //2, cannot be uniquely determined. Being applied to the above 
considered example, this signifies the following: the knowledge of the symmetry of the strained 
crystal and the symmetry of the deforming stress is insufficient for the solution of the problem on 
crystal symmetry prior to deformation. 
The above stated indicates that all the three Curie principles relating the symmetry of the cause 
to the symmetry of the effect, may be reduced, in the final analysis, to the principle of symmetry 
superposition formulated by Pierre Curie himself. 
Pierre Curie has concluded his reflections on symmetry with a remark which says that the 
consideration of symmetry may yield the conclusions of two kinds: (i) undisputable but negative 
conclusions which correspond to the statement that there are no effects without a cause and (ii) 
positive conclusions, which, nevertheless are not so certain as the negative ones; they correspond 
to the statement that there is no cause without an effect. 
Fig. 6. Scheme for explanation of 
the symmetry supcrposition: symmetry 
groups Ht and 7/2 generate group C. 
/ \ 
f 1 . . _ .  ~ ~. . .~  " 
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Fig. 7. Another scheme for explanation of 
the principle of symmetry superposition: groups 
//~ and C generate any one of numerous groups 
/-/2, 1-/3, . . . .  
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Among indisputable negative conclusions is the statement that in crystals with the center of 
inversion no piezoelectric phenomena re possible. The inverse statement that piezoelectricity is 
possible only in crystals with no center of inversion may be considered as an uncertain positive 
conclusion but this statement is not obligatory. 
Concluding the article, it should be noted that the Curie ideas on symmetry cannot be considered 
as formualted in their final form. This will be made by future generations. 
